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Problem 1 table - soup Intermediate Value Theorem

A pot of soup cools on a counter. Its temperature S(t), in °F, is a differentiable function of time t in minutes.
Selected values are in the table. Explain why there must be a time t, 4 <t < 15, at which the temperature of the
soup is 140°F.

t (minutes) 0 4 9 15 20
S(t) (°F) 190 172 150 131 124

Sisdi¥fecentable and thevefoce Continuousond < t € IS,
IHO is between S(IS) and 1), so by the Tutermedate Value

[ heovem theve must be a time t For 4 ¢ t < IS suen twat S(t) = MO,

;ahaernpsé)int Ptl:compares [HO with SH) and () Feom the tabie,
Pt 2 says Continuous (Feom differentiabie)and names the TV T,
Problem 2 formula - weather balloon Mean Value Theorem

A weather balloon has height h(t) = 12+t feet for 1 <t < 9, with t in minutes. Show that the hypotheses of the
Mean Value Theorem are meton 1 <t <9, and find the time t that the theorem guarantees.

WE) < 130t is continuous Fort 2 O. W(t)- T(%— eXists Yo t > O.

o M IS Contimuous on | £t £ 9 awd &f‘P&ﬁfﬁﬂt[Q\D‘IQ onl <« t < 9,

oW 2e-B
T ag-1 ) 3 '

b

Tr«:g—)JT:g'—)t:L]l

By the Meawn Value Theorewm, W(H) < 3 ft/min, and | < 4 < 4.

eams Tt l:ooth Wypotheses, Pt ARC =3, Pt 3t Minsidel « t < 9,
the point

Ink color = the point it earns: . Point 1 . Point 2 . Point 3
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Problem 3 formula - ride line (calculator) Extreme Value Theorem

The number of people in line for a ride is L(t) = 40 + 30t-e”(-t/3) for 0 < t < 8, with t in hours after the park opens.
At what time t, 0 £t < 8, is the line the longest? Justify your answer.

()= 30t - 10te P < o™ (3~¢)

e s wever O,s0 L t)= 0 only at t =3,

S ContinuousSonO £ t £ B, So Oy the [ xtc@wme /AU Theorew
it has an Absolute mAximum, at @ cviticl point or An evdpoint.
(0)= HO L(3) = 14O + q0e™ =73.l09
1(8)= Ho t 2Hoe * 250,676

he line iS longest at t = 3 houss (@bout 73 people)

eamns Pt Arcandidxtes test,or ' > O thenl' € O With only one critical point,
the point ’
Problem 4 table - hiking trail (TWIST) Mean Value Theorem

A hiker's elevation E(t), in feet, is a twice-differentiable function of time t in hours. Selected values are in the table.
Explain why there must be at least one time t, 0 < t < 8, at which E’(t) = 150 feet per hour.

t (hours) 0 1 3 4 6 8
E(t) (feet) 2400 2500 2950 3150 3300 3100
= -~ C)
{©) (©) ) 3300 ~ 400 L300 e
b -0 %) o

s twiceﬂ;\;?Qecemtfq‘o\e; so F s differentiable and continuous.
By the Medw Value Theocem there must be @ time t Yor O < t < (b,

whiCh (s Qlso betwee, O and §, such that () = |So.

earns Pelio <t € G gives exactly 15 0. ;:'\’Eishbcfs nevec do,anok O to & 9ives E.s.
the point 4

Pt 2rwypotheses stated and the MVT named,

Ink color = the point it earns: H rFoint 1 . Point 2 . Point 3
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Problem 5 formula - roller coaster Rolle's Theorem

A section of roller coaster track is modeled by h(x) = x* - 6x2 + 9x + 2 for 0 < x < 3 (h in meters, x in tens of
meters). Explain why there must be a point on this section, 0 < x < 3, where the track is level (h'(x) = 0). Then find
every such value of x.

W isS @ polyvom @), So h (S ContinuouSon O £ ¥ £ 3

and diffecentiable on® < x < 2.

wo) = 2 n2)=27-5S4t2371t2:2  so0 WE)= n(3)

By Roll@'s Theocewm theve (S an x focr @ < x < 3 with Wix)= O.

Wix) = 3x? - 12%x + 2 < 3(x~)x=3):=0 » x=Lx=3

/

¥ =23 iSvotinSide O < X < 3,Sothe tcack Slevel at x = |,

?haénpsoint Pt i continuous AND dflecentiable, Pt 2 w(O) = W(3).

Pt 3:owly X =] Counts (“K =3 s an Evu;-‘pcnﬂt).

Problem 6 table + formula - two particles (TWIST, calculator) Intermediate Value Theorem

Particle A has position xA(t) = 3 sin t + t. Particle B has position xB(t), a differentiable function; selected values
are in the table. Time tis in seconds. Is there a time t, 0 < t < 4, at which particles A and B are at the same
position? Explain why or why not.

t (seconds) 0 1 2.5 4
xB(t) 2 3.1 2.4 0.5

x4 S continuous, angd xB s difFerentiabie, so xB (S continuous,
et D(E) = xA(t) = xB(t). D is continuouson © < t £ 4,
DO):0-2:"2 < O
MH) = 3sind tH4-05=12%0 » ©
O is between D(O)and D(H), so by the Tntermediate Value Theorem
thec@ isa time t for © < t € Hwith D(t) = O, so xA(t) = »B{t).
€S the pacticles are at tWe sawme poSition @t that time,

sane it |t i wocks with x4 = xb {or compares them)at t = © and t = Y,

Pt 2:the diffecence is contivuous T IVT t answers yes.

Ink color = the point it earns: H rFoint 1 . Point 2 . Point 3
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Problem 7 formula - cubic (TWIST) Extreme Value Theorem
Let f(x) = x® — 3x2 — 9x + 5. Find the absolute maximum value and the absolute minimum value of f on the closed
interval -2 < x < 6. Justify your answers.

P) = 3% ~x =9 = 3(x~Yxt) =0 =+ x =" x=3

g} iS @ polyviomi &l So § S ContinvouS on 2 € * € . By the [ xtreme

/AWl Thlorem ? WS Awv APSolute mAx Ang v AbSolute min,

each at @ Cejtit®) point o€ An wndpoint.
$e)<2 fN:lo fR)-22 F):=s59
Bsolute mAXimum vaiue = §9 (at x = @)

Absolute minimum value = 22 (at x = 3)

eams Pt A all Four candidates, @wdpoints included (@ Sigwn chact S wot Q-'\c:»‘b\%\q).
the point

Pt 2:both values, T e max (s @t Av ewdpoint,

Problem 8 piecewise - find k Intermediate Value Theorem

f(x) = x2+ 1 for x < 2, and f(x) = kx — 1 for x = 2, where k is a constant. Find the value of k that makes f continuous
at x = 2. For that value of k, explain why there must be a value c, 0 < ¢ < 3, such that f(c) = 4.

Cow t\nel.egitjxg‘ + 125 as x= 2, P(Q): 2k~ |
Contivupus At x =2 Ak ~-1=S = =3
o) 0° *t1=1 F3)=3(3)-1-%8

Both pieces are polynomi®Is Awd ¥ is continuous at x = g‘,

So ¥ S ContimuousSon® £ x £ 3. | < 4 < §, So by the Intecmediate

Jalue Thneocewm thece s ac For © € ¢ < 2 such that fe)= 4,

cams - PrhieRetimit < f@) sow =3 P 2 FO) <1 and F3) < .

Pt R continuous on the Whole ntecva) T TVT,

Ink color = the point it earns: . Point 1 - Point 2 . Point 3
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Problem 9 table - rowing Rolle's Theorem

A rower's velocity v(t), in m/sec, is a differentiable function of time t in seconds. Selected values are in the table.
Explain why there must be a time t, 0 <t < 12, at which the rower's acceleration is 0.

t (seconds) 0 3 5 8 12
v(t) (m/sec) 1.2 2.8 3.4 2.8 1.9

V(B) : 8 = v(@)

visdfferentiable,so v is continuous on 3 £ t £ B,

P —

By Polle’s Theorem ther® (S @ twme t Yor 3 < t < &, whith is also
betweea O And 13, such that a(t) = vit) = O,

earns

 Ptlitwe equaiveiocities{oc ARC=00on3 £ t £ B)
the point

Pt 2 hypotheses t Rolle’s (or the MVT) t aft) = vi(E) = O,

Ink color = the point it earns: . Point 1 . Point 2 . Point 3



AP Calculus AB - Value Theorems AP Reader Simulation - KEY page 6 of 8

Problem 10 graph - two segments (TWIST) Mean Value Theorem

The graph of the continuous function g, made of two line segments, is shown for -3 < x < 5. Is there a value ¢, -3
< ¢ < 5, such that g'(c) equals the average rate of change of g on =3 < x < 57 Justify your answer.

y

1

O 1
Graph of g

S(S_)_S(_g) _ 3~ _ |

—_—

s-(2) & 4

0 =1 for 2 < x < | (slope of the First seqment)

|
q'(x) < == forl < x « § (siope of the secowd sRament)

o) does wot exist (cocner)
]

No. a'(*)is nevee —,

o 3(?‘)3\4 vers N

Wis do®S ot Contr@dict the M/T:g is not di¥rerentiable at x = |,

s Pt 2 Sthes es, Sax; Iy that MyT es a ‘g
the point need lop Ning ownly the do mot ApplY i

ot Evioughi o QUAFCRntee {S wot the SaAwme As wo C,

Ink color = the point it earns: . Point 1 . Point 2 . Point 3
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Problem 11 table - how many solutions Intermediate Value Theorem

The function f is continuous on 0 < x < 8. Selected values are in the table. What is the fewest possible number of
solutions to f(x) = 2 on 0 < x < 87 Justify your answer.

X 0 2 3 5 8
f(x) -2 1 4

§is Continuouson © £ x £ &,

FR)<1 < 2 <« 4=F@Q) > by the )= 2Fforanx with d ¢ x < 3
fB)<1 < 2 < 3=5) > byene ZuT,f(x)= 2 for an x with S < x < ¢
The int&rvals do not overiAp, so T{x)= 2 has At jeast A Solutions,

Fewest possible numbec of solutions = 2

eams  Pr | Pe QA s bltween the table VAIUES o 2ACh vtleva),
the point ’
Pt 3 Continuwity T ITVT T the answer 2,
Problem 12 table - highway Mean Value Theorem

A car's distance from a toll plaza, s(t) miles, is a differentiable function of time t in hours. Selected values are in
the table. The speed limit is 65 mph. Explain why the car must have been going faster than the speed limit at
some time t, 0.5 <t<0.8.

t (hours) 0 0.25 0.5 0.8
s(t) (miles) 0 16 34 55
) s(0.8) - s{(0.5) ) SS -23Y4 ) 2| =
OF -0.5 03 0.3

sis difTecentiable and tweceYore Contivuous on O £ t £ O.F,
By tne Mean Value Theocem thece s @ time t for O.5 < t < OF

such that sfE) < 70 mpn. 70 > S, So the car was speedinag,.

eams Pt liaverage veiscity s 70 on the cight interval,
the point

Pt d:hypotheses T MyT T compares 70 with 6S.

Ink color = the point it earns: . Point 1 . Point 2 . Point 3
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Problem 13 graph - cusp Rolle's Theorem

Let f(x) = x*(2/3). Its graph on -1 < x < 1 is shown. Notice that f(-1) = f(1), but there is no value ¢, -1 < ¢ < 1, with
f'(c) = 0. Does this contradict Rolle's Theorem? Explain why or why not.

y

Graph of f(x) = x(2/3)

SCO = )3 < £0) =
$1x) = %x"‘ﬁ’ s never O, and it is undefined at x = O,

No, thiS do@S wot Contvadict Rolle's Theorem,
£isvot differentiabie at x = O, which is inside | < x < |

So X ypothess of Rolle's Theovewm is not wmet,

eans Pl ?’(‘K)gouﬂc}u never O, LAV\@E?MQ& at x =0,
the point

Pt 2:mames the failed wypothesis (ot differentiable at x = O),

Problem 14 formula - harbor tide (calculator) Extreme Value Theorem

The depth of water at a dock is D(t) = 18 + 5 sin(1t/6) — 0.4t feet for 0 < t < 12, with t in hours after midnight. Find
the minimum depth of the water at the dock for 0 <t < 12. Justify your answer.

_ s t
e) = e i cos(-CO— M)~-04:=0
t= 707, t=9293 (calcuiatoc)
Discontinuous on © £ t £ 19,50 by the [/ xtreme Vaiue Theovrewm
the minimuwm (S At A CritiCAl point or An ndpoint.
Do) = 18 D707 = 28k
Me.293)= 2343 D(13) < 122
(e minimum depth is About 2342 Feet (@t t =2.2393 houcs),

eams Pt 3:tne guestion AsKs for the Jepth, vot the time,
the point 4

Ink color = the point it earns: H rFoint 1 . Point 2 . Point 3



